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Abstract-This paper presents a unified method of structural dynamic analysis that is readily applicable to the
nonstationary random response analysis of stable linear trusses and frames of two or three dimensional configura·
tion. The method is general enough to treat the structure either as a continuous (distributed) mass system or as a
discrete (lumped) mass system, with any form oflinear viscous damping. Forcing functions, random in time and/or
in space, can be applied anywhere when a frame is considered. However, when a truss is considered, the forces are
applied only at the joints.

In evaluating the frequency response function matrix or the impulse response function matrix, the linear
graph theory and the transfer matrix technique are employed throughout the formulation so that the configuration
of structures are taken into consideration in a most general fashion, permitting a convenient use of a high speed
digital computer for numerical computation. The present formulation includes the static structural analysis as a
special case.

A number of numerical examples are worked out and the dynamic characteristics of continuous mass systems
are compared with those of corresponding discrete mass systems.

1. INTRODUCTION

IN RECENT years, considerable effort has been made in the general area of random vibration
as to how the load to mechanical and civil engineering structures can be described as a
stochastic process, and how the random load thus idealized as a stochastic process is related
to the structural response. Typical examples are the studies of dynamic response charac­
teristics of suspension bridges and buildings subjected to the load such as a gusty wind or
an earthquake acceleration.

In these studies, the mean value and the covariance (or correlation) function are two
quantities of vital importance in the statistical representation of the excitation and the
response process, although they do not necessarily describe the random process completely.
In particular, these two functions of the response process play an essential role in the
safety analysis of structures subjected to random loading, in estimating fatigue life, in
evaluating the probability of catastrophic failure, etc. [1--4J. Furthermore, if the process is
Gaussian, these two functions determine the probability density function of any order.
Therefore, how to evaluate the mean value and the covariance function of the response
process of a general linear structure with the knowledge of the mean value and the co­
variance function of the excitation process or the equivalent, is the major concern of the
present study.
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(I)

It is assumed that the random processes considered in the present paper possess the
properties of continuity, differentiability and integrability at least in the sense of mean
sq uare [2,4].

Let the response at point j of the structure be denoted by lj(t}(j = 1,2, ... , m) and the
random excitation at point k denoted by Pk(t)(k 1, 2, ... , n). Let hjk(t) be the impulse
response function at pointj due to the impulse b(t) applied at point k. Define the frequency
response function Hjk(w) so that the response at point j to the input eiw1 at point k is
H jk(W) eiwt

, where i denotes the imaginary unit. Then, the excitation response relationship
is given by

Y(t) = I:" hIt - ,)P(,) d,

where the excitation P(t) and the response Y(t) are column vectors with Pk(t) as the kth
element and lj(t) as the jth element, respectively. The impulse response function and the
frequency response function are related through the Fourier transform pair;

H(w) = fx hIt) e iwt dt

1 IXh(t) = . H(w) eiWl deu
2n 0""

(2)

(3)

where the frequency response function matrix H(w) is a m x n matrix with Hjk(w) as the
j-k element and the impulse response function matrix h(t) is a m x n matrix with hjk(t) as
the j-k element.

It can be shown from equations (1) to (3) that the mean value function my(t) of the re­
sponse is

or

= 2
I
n I:", H(w)mp(W) e

iwr
dw

where E denotes the expectation and

(4)

(5)

(6)

(7)

mp(t) = E[P (t)]

mp(t) = E[ I:oc P(t)e-
iwt

dtJ.

Let Kyy(t t, t 2 ) denote the covariance function matrix with the covariance function
Kyjy)t l , t 2 ) of lj(tt) and lj.(t 2 ) as thej-j' element (j,j' = 1,2, ... , m);

Kyy(t 1 , t 2 ) = E[{ Y(td-my(tt)}{ Y(t 2)-my(t 2 )}'] (8)

where the prime denotes the transpose of a matrix. Then, it can be shown that

(9)



or

with

and
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(10)

(11 )

(12)

(13)

The mean value and the covariance function of the response can be evaluated either
in the time domain using equations (4) and (9) in which case the impulse response function
matrix h(t) ofthe structure, the mean value function vector mp(t) and the covariance function
matrix Kpp(t l' tz) of the excitation must be known, or in the frequency domain with the
aid of equations (5) and (10) where the knowledge of the frequency response function
matrix H(w), the Fourier transformed mean value function vector mp(w) and the genera­
lized spectral density matrix Spp(w t , w z) of the excitation are required.

Since statistical characteristics of the excitation process is assumed to be known in
terms of the mean value and covariance function or in terms of their Fourier transforms,
it only remains to determine the impulse response function matrix and the frequency
response function matrix of the structure in order that the formulation given in equations
(IH13) can be used for the mean value and the covariance function of the response. The
emphasis in the present study, therefore, mainly placed on the techniques of estimating the
impulse response function matrix and the frequency response function matrix.

2. PRELIMINARIES

(1) Structures considered

Consider a stable frame or truss of arbitrary configuration consistIng of straight
members and supports with no release. Choose the points of support and of intersection of
members as nodes. The nodes are identified either by upper case letters in alphabetical
order or by positive integers 1,2, ... , N with the nodes at supports (datum nodes) last,
where N is the total number of nodes. Number and orient individual members (branches)
arbitrarily. Thus a frame or truss is associated with an oriented linear graph. In Fig. 1, an
oriented linear graph is drawn for a frame structure.

It is assumed that the cross-section of each member is uniform for trusses whereas it
can be piecewise uniform for frames in which case nodes are created at the points of uni­
formity change in addition to those at the points of intersections.

(2) Branch-node and node-node incidence matrix

Consider branch j that is oriented from node A (the initial node) to node B (the final
node). Node A(B) is said to be positively (negatively) incident on branch j and branch j is
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FIG. I. A frame structure and its associated linear graph.

said to be positively (negatively) incident on node A(B). The initial (final) node of a branch
is said to be positively (negatively) incident on the final (initial) node of that branch.

To specify the connectivity of a linear graph, the augmented branch-node incidence
matrix A* [5,6] is employed. The rows of A* correspond to the branches and the columns
to the nodes, and its j-J element, ajl> is equal to +1, -1 or 0 depending on whether branch
j is positively, negatively or not incident on node J. Clearly, the matrix A* contains all the
information of connectivity and orientation of a linear graph.

The matrix A* with the datum columns (the columns associated with the datum nodes)
removed is referred to as the branch-node incidence matrix A.

The node-node incidence matrix E is defined among the non-datum nodes in such a
way that its I-J element, eIJ , is equal to +1, -1 or 0 depending on whether node J is
positively, negatively, or not incident on node I with the provision that eIJ = 0 if I = J.
Evidently, the matrix E is derivable from the matrix A.

(3) Random excitations

When a truss is considered, the source of the random excitation is limited to a set of
concentrated random forces acting at the nodes only. The random displacement and
acceleration excitations at nodes can also be considered. For a frame, however, the concen­
trated random forces (induding those in the form ofcouples) as well as the random displace­
ment and acceleration excitations can be applied at any point of the structure. When these
excitations are applied to the frame at those points other than the intersections of the
members, additional nodes have to be created at the points of application of such excita­
tions. Also wherever the lumped masses are attached to the structure other than at the
intersection of the members, additional nodes have to be created at these points. The
distributed random excitation should be approximated by the concentrated random
excitation [2, p. 175].

(4) Coordinate systems

Let a global coordinate system fixed in space be denoted by the rectangular right­
hand axes (~, '1, 0 with an arbitrary orientation. Associated with each branch, say branchj,
construct a local rectangular right-hand coordinate system (Xj' Yj' Zj). This system is fixed
with respect to the global coordinate system such that, in the undeformed state, x j coincides
with the axis of the member (branch) while Yj and Zj coincide with two principal axes of the
initial cross section of the branch. Let Aj be the (orthogonal) transformation matrix
between the coordinate systems (Xj' Yj' z) and (~, '1, O.

(5) Branch and node quantities

Unless otherwise stated, branch quantities (branch forces and branch displacements)
have a superscript G if their components are with respect to the global coordinate system,
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whereas the nodal quantities are always referred to the global coordinate system without
superscript.

Let the resultant forces and moments acting on initial end I and final end F of branch j
of a frame (the end branch forces) be represented by (6 x 1) vectors with components in
the local coordinate system,

11) = [11)1 11)2 11)3 11)4 l1)S 11)6]'

F1) = [F1)1 F1)2 F1}3 F1)4 F1)s F1)6]'
',.

in which 11)1,11)2 and 11)3 are, respectively, the x~; Yj and Zj components of the force acting
on the initial end of the branch whereas 11)4,11)5 and 11)6 are, respectively, the Xj, Yj' and
Zj components of the couple on the initial end. Similar definitions apply to F1)k(k = 1, ... 6)
at the final end.

Similarly, the local components of the displacements (including rotations) at the initial
and the final end are the end branch displacements lUj and FUj where

l U j = [l Ujl l Uj2 l Uj3 l U j4 l U j5 l U j6]'

FUj = [FUji FUj2 FUj3 FUj4 FUj5 FUj6]'

These quantities can be expressed in the global coordinate system by the following
transformation

in which

Moreover, let 1) and Uj denote the branch forces and branch displacements, respectively,
at any cross section of branch j, i.e. 1)(xj = 0) = 11), 1)(Xj = I) = F1), etc. where Ij is
the length of the member (branch j).

Because of the assumption of no release, the displacements of the end cross-sections
of those members that meet at a common node are identical. For example, if node J is the
initial node of the branch j and is the final node of the branch k, then

Hence, the nodal displacement at node J is defined by

U - UG - UG
J = 1 j = F k·

Furthermore, introduce a (6 x 1) vector JP referred to as the nodal force at node J whose
elements are the global components of the external force applied at node J

JP = [JP 1 JP 2 JP3 JP4 JP5 JP6]'

in which JP1 , JP2 and JP3 are, respectively, the ~,'1 and' components of the applied force
and JP4 , JPS and JP6 are, respectively, the ~, '1 and' components of the applied couple.
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A (6B x l) vector T and (6N x 1) vectors V and P are then defined as follows:

T = [I Tt 1T2 I~ 1TB]'

V = [t V 2 V J V N V]'

P = [t P 2 P , .. JP NP]'

where B is the total number of branches and N is the total number of non-datum nodes in
the structure.

The quantities defined above can be employed for truss problems if the last three
components of l~' F~' IVj' FVj , JV and JP are dropped so that now these are all (3 x 1)
vectors, since they are either identically zero or will be eliminated from the formulation.
Also, Rj is to be replaced by /\ for the coordinate transformation.

(6) Sign convention

The standard right-hand rule is adopted as sign convention for the quantities discussed
above. Hence, the components of the displacement and of the nodal force are positive if
they are in the same direction as the corresponding reference coordinates (local or global).
The components of the resultant force (concentrated force and couple), acting on a cross­
section of branch j with positive outward normal in reference to the direction of xraxis,
are positive if they are in the same direction as the corresponding local coordinates, while
the components of the resultant force on a cross-section with negative outward normal,
are positive if they are in the negative direction of the corresponding local coordinates.
This convention is illustrated in Fig. 2 for IT;.

(7) Steady state vibration

To determine the frequency response function matrix, the steady state vibration of the
quantities described in the preceding discussion are considered in the complex form with

(0)

(b)

FIG. 2. (a) Local coordinate of branch i. (b) Cross-section at initial end with positive outward normal.
(c) Cross-section at initial end with negative outward normal.
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corresponding lower case letters indicating the complex amplitude;

T iwr [ J' i",r }[ j = {f j e = {f jl ['il" . ['j6 e

1j(x) = 'ix)eiwt = ['jl(X)'j2(X)""j6(x)]'eiwt

T iwr [ J' iwr1= ,e. = /'I/'2"'/'B e
U = ue,wt = [IU 2U... Nu]'e,wr .

P = peiwr = [IP 2P", NP]' eiwr

3. FREQUENCY RESPONSE MATRIX
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(14a)

(14b)

(1) Frames

(a) Branch vibration. Consider the vibration of branch j with the following notations;
A j = cross sectional area, Ej = Young's modulus, cjl = cj2 = cj3 = retardation time of
normal stress-strain relation, mj = mass per unit length, jC I , jC 2, jC 3 and jC4 = coefficients
of linear viscous (external) damping associated, respectively, with the extensional vibration,
flexural vibrations in the x j - Yj plane and in the Xj-Zj plane and torsional vibration,
Ijz and Ijy = moments of inertia of the cross section about Zj and Yj axes, Gj = shear
modulus, J j = Saint Venant constant of uniform torsion, rj = radius of gyration and
lj = length.

First, consider the flexural vibration in x j - Yj plane. The equation of motion and the
relation between the branch force and the branch displacement can be written as

a4
. .. .

EJjz;)4:(Uj2 +Cj2 Uj2 ) +mpj2 +jC2Uj2 = 0 (15)
uXj

(16)

(17)

(18)

where dots indicate the differentiation with respect to time.
The steady state solution to equation (15) in the form of equation (14), is obtained as

udx) = Al sin(Aj2x)l) +A2 cos(Aj2x)l)

+A3 sinh(Aj2x)lj) +A 4 cosh(Aj2x)lj)

where

)"J2 = (mjw 2-iw jc2)IJ/EJjz(1 +iwcj2 ) (19)

and A I' A 2, A 3 and A 4 are to be determined from the following boundary conditions.

/u j2 = uj2(0) (20)

/u j6 = U}2(0) (21)

FUj2 = uj2(l) (22)

FU j6 = u}2(1) (23)
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/f j2 = Tj2(O) = E)jz(1 + iWCj2)U}2(O)

I t j6 = t j6(O) = E/jz(l +iWCj2)UJ2(O)

(24)

(25)

l·tj2 = t j2(l) = - EJjz(l +iwCj2 )U}2(l) (26)

F'j6 = Tj6(l) = EJjz(1 +iwCj2 )U}2(l) (27)

where primes denote the differentiation with respect to Xj' Hence, ifthe solution in equation
(I8) satisfying equations (20), (21), (24) and (25) as boundary conditions, is substituted
into the last two equations, then, the transfer equation is obtained as

[
F'j2] [.dll )12J [(fj2] +[<11 <12] [IU

j2
] (28)*

F'j6 j.!21 ;./22 l'j6 J21 j.!22 lUj6

Furthermore, if the solution in equation (18) that satisfies equations (20) to (23) as boundary
conditions, is employed in equations (24) and (25), then the end branch force-displacement
equation is obtained as

:J
lUj2

[",} [K;> [h' jh 12 jh 13 h'] IU j6
l'j6 0 jh21 jh22 jh 23 jh24

FUj2
(29)*

FUj6

The formulation can be made to include the effect of a constant axial force, for example,
due to a static loading, on the flexural vibration with a slight modification [7].

In a similar fashion, the transfer equations and the end branch force-displacement
equations for the extensional vibration [equations (30a) and (31a)] the flexural vibration
in the XrZj plane [equations (30b) and (31b)] and the torsional vibration [equations
(30c) and (31c)] are obtained as follows:

, 2, sin ;'jl
Ftjl ,tjl cos AjI-(m/v -tW jC'l)-.--lj lUjl (30a)*

[
FTO] [jgll jgl2] [1'j3l +[J~" AJ~"J [I

Uj
3l (30b)*

F'jS .$21 jg22 l'jSJ jg21 jg22 lujJ

l~"
iUj3

l""l
0

llJ""
))12 )jl3

'~"l
IUjS

FUj3

I'JS K J5 ))21 l)22 /)23 jh24 FU j 5

(30c)*

(3Ia)*

(31 b)*

(3Ic)*

* In what follows. the definitions of undefined quantities and symbols in Ihe equations with an aSlerisk are
given in Appendix I,
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In the present formulation, the effect of warping on the torsional vibration is neglected,
although it can be taken into account with a slight modification [7].

The transfer equations given in equations (28) and (30) and the end branch force­
displacement relations given in equations (29) and (31) can be written in the following
matrix form;

(32)*

(33)*

where the rotational transformations

has been used and

k = 1,2, ... 6 (34)

When the jth member is massless, i.e. mj = 0 and therefore Ajk = 0 assuming h = 0
(k = 1,2,3,4), one can reduce the transcendental elements of Bj , Dj , F j and aj into con­
stants by taking the limit as Ajk (k = 1,2,3,4) approach zero. The resulting matrices Rj ,
15j , Pj and J.lj thus contain no transcendental elements and are not functions of W (see
Appendix for explicit expression of Rj , 15j , Pj and J.lj).

In the preceding formulation, the complex damping can be introduced if iwcjk(k = 1,
... 4) are replaced by ia.jk(ajk = constant). Also, it should be pointed out that any form of
linear viscous damping arising from linear viscoelastic stress-strain relations can be
considered by replacing Ei1 +iwcjk) etc. by iwGjk(w), where Gjk(w) are the Fourier trans­
forms of the appropriate relaxation moduli.

(b) Nodal vibrations. The equation of motion at a non-datum node, say at node J,
can be written as

L1TY+LFTf+JP = JM JU+JcJ(r
j k

(35)

with the indexj refers to those branches positively incident on J while k to those negatively
incident on J and

JM = [JMt] ,

JC = [AJ.

1= 1,2, ... 6

1= 1,2, ... 6

(36)

(37)

where JM 1 = JM z = JM 3 indicate the mass at node J and JM4' JMsand JM 6 are the
moment of inertia of that mass about the axis passing through its centroid and parallel to
the ~,IJ and ( axes respectively, while JC 1 ' JC Z and JC3 (possibly J~l = JC Z = J(3) are coeffi­
cients of linear viscous damping associated with translation of node J in the ~,IJ and (
directions and JC 4 ' JC S and JC6 (possibly JC 4 = JC S = J(6 ) are coefficients of linear viscous
damping associated with rotation of the node about the axes passing through the centroid
of the mass and parallel to the ~, 1] and ( axes.
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For the steady state solution of the form equation (14), equation (35) yields

L ITj' +LFTr +JP = (- (Ii JM +iw JC) JU
j k

(38)

which, with the aid of equation (32), can be written as,

JP +JZ JU - L R~DkRk IUr = - L Rj ILj +L R~Bk ILk
k j k

(39)*

with

(40)1=1,2,3, ... 6.JZ = [JM IW
2

- iw JCI}

(c) System vibrations. Define system matrices K, Z, il, Qand Y, each element of which is
a matrix of the individual branch quantities or of the individual nodal quantities.

K= [K j }

Z = [JZJ
il = [qjJJ

j = 1,2, ... B

J = 1,2, ... N

(j = 1,2, ... B; J = 1,2, ... N)

(41 )

(42)

(43)

with

!
0 if ajJ = 0

qjJ = FjR j ifajJ = +1

WjR j if ajJ = - 1

Q = [qjJ] (j = 1,2, ... B;J = 1,2, ... N)

(44)*

(45)

with

if ajJ = 0

if ajJ = +1

if ajJ = -1

(46)*

where ajJ is the j-J element of branch~node incidence matrix. B is the total number of
branches and N the total number of non-datum nodes. The matrices Q and Q are called
the modified branch~node incidence matrices.

Y = [yuJ (/,J= 1,2, ... N) (47)

with

{

- R~DkRk if eIJ = 1 and k denotes the branch connecting nodes I and J.
YIJ = o Otherwise

where eIJ is the I-J element of the node-node incidence matrix.

(48)*
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With the aid ofthese system matrices, the branch force-nodal displacement relationship
of the system

T = KQu

is derived from equation (33) and the equations of motion at non-datum nodes

P +(Z +Y)u = Q'T

are derived, from equation (39).
Hence, it follows from equations (49) and (50) that

u = [Q'KQ_(Z+Y)rlp

T = KQ[Q'KQ-(Z+y)r1p.

(49)

(50)

(51)

(52)

(d) Releases. The preceding discussion is based upon the assumption that no release
exists within the frame. When, however, the release occurs at a support node (in the form
of a hinge, a roller or an elastic constraint), or at an interior node, a slight modification of
the end branch force-displacement equation [equation (33)] can easily be made [7] whereas
the transfer equation [equation (32)] remains the same.

(e) Excitation at supports. Consider the case where excitations are applied at supports,
in the form of random displacement or acceleration, instead of at non-datum nodes. In
such a case, the supports which are excited are regarded as non-datum nodes, although
they are still designated by upper case letters after the non-support nodes in alphabetical
order.

Then, the matrices u, Q, Q and Y can be partitioned as follows.

U = [uN: U;]',
I

(53)

(54)

where UN' QN' QN' ZN and YNinvolved only non-excitation nodes while ue, Qe, Qe, Ze, Ye,
YNe and Yee excitation nodes.

Using equations (53) and (54) in equations (49) and (50) with equation (50) containing
only the equations of motion for non-excitation nodes, one can solve UN and T in terms of
the excitations at supports Ue as follows.

UN = [Q~KQN-(ZN + yN)r l[Ye-Q~KQe]ue

r = KQN[Q~KQN-(ZN + yN)r l[Ye-Q~KQe]ue+KQeue

(55)

(56)

where U e is to be replaced by - ae/w 2 if the excitation is in the form of acceleration.
The modification for the case where excitations, in the form ofdisplacement or accelera­

tion, are applied at non-support nodes, can be made in a similar fashion.
([) Lumped mass systems. If the frame is approximated by a system of masses connected

by the massless members, then Ajk = 0 under the assumption that h = 0 (j = 1,2, ... B;
k = 1,2,3,4). In such a case, it can be shown that equations (49) and (50) reduce to

T = KQu p+Zu=Q'r (57)
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where Bj is used for Bj in equations (45) and (46) and

j = 1,2, ... B (58)*

(59)*

with K oj and Coj being the direct stiffness matrix and damping matrix, respectively, of
branch j.

Hence, it follows from equation (57) that

u = [Q'.KQ-Zr I p

r = .KQ[Q'.KQ-Zr1p
(60)

(g) Static analysis. The same pair of equations as in equation (60) are valid for the
static analysis of frames [8,9J for which ill = 0 and Z = o.

(h) Frequency responsefunction matrix. The frequency response function matrices of the
nodal displacement and the branch force are obtained respectively from equation (51)
and equation (52) by replacing p by a 6N x 6N identity matrix. If, however, lumped mass
approximate systems are used, equation (60) is to be used for this purpose.

When the excitation is given at certain nodes (excitation nodes) in the form of displace­
ment or acceleration, the frequency response function matrices of the nodal displacement
and the branch force are obtained respectively from equation (55) and equation (56) by
replacing Ue by the 6N' x 6N' identity matrix where N' is the number of excitation nodes.

(2) Trusses

As pointed out previously, only the first three components of ~, FUj , IUj' JP and JU
are needed for the solution of the truss problem. Although FUj and IUj actually have six
components, the last three components will be eliminated from the evident condition that
hinges cannot resist couples. This condition also eliminates the torsional vibration from
formulation. The equations of motion and the end branch force-displacement equations
for the other three modes of vibration are the same as those associated with frames.

(a) Branch vibrations. First consider the flexural vibration in the xJYj plane. The steady­
state solution is given in equation (18), and the boundary conditions remain the same as in
equations (20) to (27) except for equations (21) and (23). These two equations should be
replaced by

UJ2(O) = 0

UJ2(l) = 0
(61)

Then, the transfer equation and the end branch force-displacement relation are obtained
as follows.

(62)*

(63)*
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In a similar procedure, the transfer equation and the end branch force-displacement
equation for the flexural vibration in XrZj plane can be obtained, while those for the exten­
sional vibration are identical to those associated with frames and are given in equations
(30a) and (31a).

FLj3 = jg ILj3 +jg IUj3

ILj3 = K j3(D jt IUj3 +Dj2 FU j3 ),

(64)*

(65)*

(68)

Hence, the transfer equations, equations (30a), (62) and (64), and the end branch force­
displacement equations, equations (31a), (63) and (65) can be written in the matrix form
as follows.

FLj = Bj ILj +DjAj IUr (66)

ILj = K/FjAj IUY +WjAj FUy) (67)

where Bj, Dj, K j , Fj and Wj are all diagonal matrices with diagonal elements as follows

[Bj] :cos Ajl ,

(69)

(70)

[ Fj] : - Ajl cos Ajdsin Ajl , bjl and Djl

[Wj]:AjdSinAjl, bj2 and Dj2 .

(71 )

(72)

(b) Nodal vibrations. The equation of motion (for translation only) of node J can be
written in the same form as equation (35).

LITy + LFTr + JP = JM JO + i: JU
j k

(73)

where the indexj refers to those branches positively incident on node J whereas k to those
Tlegatively incident on node J and

j = 1,2,3 (74)

with JM I = JM 2 = JM 3 being the mass at node J, and JC I ' JC 2 and JC3 (possibly,
JC I = JC 2 = J( 3) being the coefficients oflinear viscous damping associated with the transla­
tiop of mass in e, 11 and' directions.

For the steady state solution of the form equation (14), equation (73) yields, with the aid
of equation (66),

JP + JZ JU - L A~DkAk IUr = L A~Bk ILk - L Aj IL j
k k j

(75)
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j = 1,2,3. (76)

(77)

(c) System vibrations. Define system matrices K and Z in the same way as in the frame
analysis, that is, in the form of equations (41) and (42). However, the elements of these
matrices are given by equations (70) and (76).

The modified branch-node incidence matrices Qand Qare defined as

Q= [i]jJ]

Q = [qjJ]

with

if ajJ = 0

if ujJ = 1

if ujJ = -1

and

1
0 if ujJ = 0

qjJ = - Aj if ujJ = 1

BjAj if ujJ = -1

where [ajJ] is the branch node incidence matrix.
The modified node-node incidence matrix Yis defined as

y = [yuJ

(78)

(79)

(80)

with

{

- AkDkAk if e]J = 1 and k denotes the branch connecting nodes I and J
YIJ = o Otherwise

where [eu ] is the node-node incidence matrix.
With the aid of these matrices, the branch force-nodal displacement relationship of

the system

r = KQu (81 )

(83)

(82)

follows from equation (67), whereas the equations of motion of non-datum nodes are
obtained from equation (75) as

P +(Z +Y)u = Q'r

Hence, it follows from equations (81) and (82) that

u = [Q'KQ-(Z+Y)r1p

r = KQ[Q'KQ-(Z+Y)J-lp

It should be mentioned that although the same notations, K, Z, Q, Qand Yare used for
trusses as for frames, their definitions are different.
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(d) Releases and excitations at supports. Only a slight modification [7J of the preceding
formulation makes it possible to consider a roller support. Also, if the excitation is applied
at the supports, the formulation has to be modified in the same way as discussed in Section
3 (l)(e).

(e) Lumped mass systems. If the dynamic behavior of a truss is approximated by that of
a system of masses arranged at non-datum nodes, the analysis is considerably simplified
since in this case, only the axial forces exist in the massless branches.

Therefore, redefine the branch quality 'j as

(84)

(85)

and the various branch matrices are reduced to

K j = AjEll +iwcjd/lj

Fj = -1, W j = +1

Bj = +1, Dj = 0

Aj = [cos(Xj,~)cos(Xj,1J)cos(Xj,()J

The two modified branch-node incidence matrices are then identical and the modified
node-node incidence matrix is zero; Q = Qand Y = o. Therefore, it follows that the equa­
tion of motion and the branch force-nodal displacement relationship can be written from
equations (81) and (82) as

p+Zu = Q', ,= KQu (86)

with, being a (B x 1) column matrix.
(f) Static analysis. The same pair of equations as in equation (86) are valid for static

analysis of trusses [1OJ for which z = o.
(g) Frequency response function matrices. The frequency response function matrices

of the nodal displacement and the branch force are obtained from equation (83) (from
equation (86) iflumped mass approximation is used) by replacing p by the 3N x 3N identity
matrix.

4. IMPULSE RESPONSE FUNCTION MATRICES

The impulse response function for a complex, distributed mass structure can be
evaluated numerically either by the numerical Fourier inversion from the frequency
response function obtained previously [equation (3)J or by the Laplace transform technique,
while the impulse response function of a lumped mass structure can be evaluated by finding
the eigen values and eigen vectors of a certain pertinent matrix [11].

(1) Lumped mass systems

For the steady state solution obtained previously, the equations relating 'j, uj , JP, JU

etc. are nothing but the Fourier transform of the corresponding equations relating ~, Uj ,

JP, JU etc.
H can be shown that the Fourier inversion of equations (57) (the frame problem) are

T = KoQU +CoQU

MU +CU +Q'T = P

(87)

(88)
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Ko= [KojJ Co = [CojJ j = 1,2, ... B (89)

C= [JC} M= [TM1 J = 1,2, ... N (90)

with Koj ,Coj ,JC and JM being given in equations (59), (36) and (37), respectively.
It follows from equations (87) and (88) that

MU +(C +Q'CoQ)O +Q'KoQU = P

By introducing a new variable [IIJ

x = [0': U']'
I

equations (91) and (92) can be written as

with

where IN is the 6N x 6N identity matrix, C = C +Q'CoQ and K = Q'KoQ.
The impulse response function matrix is then obtained as

(91)

(92)

(93)

(94)

h(t)=

I [M-1J[0: /r."JED(t)E- 1 - 6-

o

t ~ 0

1<0
(95)

where D(t) = [e- Ai] with ;'j being the jth eigenvalue of G and E is the modal matrix of G.

Equation (91) and therefore equation (95) are also valid for a lumped mass truss if
appropriate matrices defined in section 3 (2) (e) are used.

If the excitation is applied at supports in the form of displacement or acceleration parti­
tions of U and Qcan be made in the same way as in equations (53) and (54) and the impulse
response function matrix can be obtained in a similar fashion.

(2) Distributed mass systems

(a) Laplace transform of basic equations and their inversions. Let I' be the Laplace
transform parameter. It can be shown that, under zero initial condition, the solutions T and
U in the I' plane can be obtained from the steady-state solutions equations (51), (52) and
(83) if the frequency w appearing in these equations is replaced by - il'. Hence, a method of
numerical Laplace inversion, proposed by Wing [12J, which is a modification of that by
Weeks [13J making use of the Cooley-Tukey algorithm [14J, can be employed.

(b) Numerical Fourier inversion. It is stated in equation (3) that the impulse response
function is nothing but the Fourier inversion of the corresponding frequency response
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function. A method of the numerical Fourier inversion developed by the present authors [7],
based on complex Fourier series technique and the Cooley-Tukey algorithm [14] is
conveniently used.

The experience indicates that these two approaches require approximately the same
amount of computational work.

5. NUMERICAL EXAMPLES

It is important to recall the fact that the impulse response function of a complex,
distributed mass structure can only be evaluated "numerically" either as the Fourier
inversion ofthe frequency response function or through the Laplace inversion as described
in Section 4 (2) (a).

It is found that when the covariance function as well as the variance function of the
response of such a structure is to be computed, as in the following examples, the frequency
domain analysis is much more practical than the time domain analysis. This is because,
for the time domain analysis, the impulse response function, which can only be estimated
on an extra step involving either Fourier inversion or Laplace inversion as described above,
is required and, moreover the double convolution integral [equation (9)] has to be carried
out whereas, for the frequency domain analysis, it is necessary only to evaluate equation (10)
using the numerical method of double Fourier inversion [7] involving the frequency
response function and the generalized spectral density of the excitation only.

This argument is obviously based on the assumption that the covariance function and
the generalized spectral density of the excitation can be estimated with approximately
equal ease. At the present time, no method exists to estimate, with any degree of confidence,
the covariance function of a nonstationary process on a single sample function (or even
on a few number of sample functions), and no physical significance of practical use is known
for the generalized spectral density. Therefore, usually, one has to be satisfied with the
covariance function and the associated generalized spectral density of a time domain
"model" of the excitation process exhibiting reasonably well a general trend of variance
function observed in the sample function(s) and reproducing a covariance function within
a time interval with an apparent (local) stationarity which is in a reasonable agreement with
covariance values computed from the sample function(s) assuming the ergodicity. Since
it is not difficult to construct such a time domain model with an analytically well-defined
generalized spectral density [15], the assumption that the covariance function and the
generalized spectral density can be estimated with more or less equal ease, seems justified.
In fact, a generalized spectral density derived from such a time domain model is used in the
frequency domain analysis in Example 1.

(1) Example 1

A two-story plane frame is idealized by (i) a distributed mass system (Structure I) as
shown in Fig. 3 and by (ii) a lumped mass shear beam structure (Structure II) as shown in
Fig. 4. The mechanical properties of Structures I and II are listed in Tables 1 and 2 respec­
tively. The masses lumped at joint A and B of Structure II are, respectively, equal to the
total mass of the 1st and the 2nd floor. The external damping associated with branch
and nodal vibrations is assumed to be zero. The interior damping associated with the
branch vibrations is considered in the form of linear viscous damping. The frequency
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FIG. 3. Structure I and its graph.

response functions of both Structure I and II to the acceleration excitation eiwt applied at
the foundation of the structures are obtained. The absolute values ofthe frequency response
functions are plotted in Figs. 5 and 6.

TABU I. MECHANICAL PROPERTIES OF STRUCTURE 1

Mass per unit Moment of inertia Retardation time
Branch length (lb. sec 2/in 2

) Area (in 2
) (in4

) (sec)

1 0·01 13·24 248·6 0·008
3 0·01 13·24 248·6 0·008
2 0·005 6·19 106·3 0·013
4 0·005 6·19 106·3 0·013
5 0·55 24·7 2364·3 0·008
6 0·41833 18·23 1326·8 0·013

TABU 2. MECHANICAL PROPERTIES OF STRUCTURE II

Moment of Retardation
Node Lumped mass (lb. sec 2lin) Branch Area (in 2

) inertia (in 4
) time (sec)

A 198 I 26-48 497·2 0·008
B 150·6 2 12·38 212-6 0·013

T

12' 2

B

A

c

FIG. 4. Structure II and its graph.
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The impulse response functions of both structures to the acceleration <5(t) applied at
the foundation are plotted in Figs. 7 and 8. Both the Laplace transform and the Fourier
inversion techniques are employed for Structure I. Practically no difference in numerical
results is observed between these two techniques employed.

The variance functions of the response of both structures to an artificial earthquake
excitation are plotted in Figs. 9 and 10. The earthquake acceleration is simulated by passing
a nonstationary shot noise through an appropriate filter as discussed in [15]. The frequency
domain analysis [equation (10)] is used for Structure I with the aid of numerical double
Fourier inversion technique developed in [7], whereas both the time domain analysis
[equation (9)] and the frequency domain analysis [equation (10)] are employed for Structure
II. In the latter case, it is noted that both analyses yield practically the same numerical result.

It is observed from these figures that the fundamental frequency of Structure I is
lower than that of Structure II and at these fundamental frequencies the relative displace­
ments of A Uland BU 1 of Structure I are larger than those of Structure II. This is due to the
shear beam idealization of the building implying that Structure II is more rigid than
Structure I and has therefore a higher resonant frequency and smaller horizontal displace­
ments. The shapes of the frequency response functions of both structures are almost iden­
tical. This is because, in this particular example, the masses of floor systems are large in
comparison with those of columns so that the fundamental mode dominates the dynamic
behavior of both structures when the external excitation is applied at the foundation.
Similar conclusion can be drawn from the observation of impulse response functions.

To get some ideas on the degree ofthe internal damping, it is noted that the retardation
times assumed in Tables 1and 2 produce the damping ratio of the order of 5 per cent for the

8732
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first mode of vibration when the classical modal analysis of the lumped mass system is
considered in approximation.

(2) Example 2

A plane truss is treated as (i) a continuous mass structure (Structure III) and as (ii) a
lumped mass structure (Structure IV) as shown in Fig. 11. The mechanical properties of
both structures are listed in Tables 3 and 4. The external damping associated with branch

J
r-- /-~ dt»t

! r\ I
---- Structure I\ !\

I \\ Structure n

-- t-i~-+-1/ \ \ I

L~- \\ i .
'-.--

/ /
~~ ~ " I
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FIG. 9. Variance function E[Juf(l)] of floor relative displacement JU ,(I). J = A. B.
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FIG. 10. Variance function E[Tr2(t)/Kr2] of story shear force Ti2 and E[n6(t)IKr6] of story bending
moment 7;6, where K i2 and K'6 are the shear stiffness and bending stiffness of ith column of Structure I.

and nodal vibrations is assumed to be zero. The interior damping associated with branch
vibrations is considered as (i) linear viscous damping and (ii) complex damping. The
retardation time and complex damping coefficient for each member are assumed to be
0·00015 sec and 0·01, respectively, for both structures. The lumped mass at each joint of

TABLE 3. MECHANICAL PROPERTIES OF STRUCTURE III

Mass per unit
Branch length (lb. sec 2 /in 2

) Area (in 2
)

Moment of
inertia (in 4

)

I 0·025 30·0
2 0·025 30·0
3 0·025 30·0
4 ~025 m~

5 0·0151 20·0
6 0·0825 30·0
7 0·0825 30·0

300·0
300·0
300·0
300·0
250·0
300·0
300·0

TABLE 4. MECHANICAL PROPERTIES OF STRUCTURE IV

Node

A
B
C
D

Lumped mass
(lb. sec 2;in)

5·637
5·637

23·625
11·8125

Note: the area and the
moment of inertia of each
branch are given in Table 3.
The mass per unit length
of each branch is zero.
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Structure IV is equal to one half of the sum of the masses of all the members that are
connected to the corresponding joint in Structure III. The frequency response functions of
both structures to a concentrated force eiO>I acting at node 3 in the vertical direction are
obtained. The absolute values of the frequency response functions are plotted in Figs.
12 and 13.

(a)

(b)~ :F...---.'1 A ~~----'10

~E 8

I
20' 20' I F. 1-----1
FIG. II. (a) SIructure III and its graph. (b) Structure IV and its graph.

A considerable difference is observed between the frequency response function of
Structure III and that of Structure IV. This indicates that the idealization of a truss (with­
out a heavy floor system) by a lumped mass system as considered here is not reasonable in
the dynamic analysis, except that the first and the second natural frequencies may be
estimated in approximation from the lumped mass system as suggested in Figs. 12 and 13.

The frequency response functions of the structure with the viscous damping and those
with complex damping are almost identical in the vicinity of w = 66·7 rad/sec as it should
be. Since the frequency response function with complex damping is obtained from that with
linear viscous damping ofthe Kelvin type by replacing iCjkW by irxjk' these response functions
take an identical value at w = rxjk/Cjb in the present example, W = 66·7 rad/sec. For the
frequencies greater than 66·7 rad/sec, the response of the structure with viscous damping is
smaller than that of the structure with the complex damping as can be seen from the
figures. This is because the viscous damping is larger than the complex damping in this
domain of frequency.

It is noted that, in this example, the roller support is considered as non-datum node by
adding a massless fictitious branch 8, with a very large extensional stiffness and zero
damping (interior and exterior) so that the formulation can be applied without the modifi­
cation mentioned in Section 3(2)(d).

As in Example 1, if the classical modal analysis is considered for the lumped mass
system in approximation for the purpose of assessing the internal damping associated with
the retardation time of 0·00015 sec in more familiar terms, it produces a damping ratio
in the neighborhood of 1·5 per cent for the first mode.
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6. CONCLUSION

Systematical methods are presented for the determination of the frequency and the
impulse response functions of linear structures that are considered either as lumped mass
systems or as distributed mass systems. Network concept and transfer function technique
are employed throughout the formulation so that the geometric configuration of the
structures can be taken into account in a general fashion. This permits a convenient use
of a digital computer for the numerical work involved in the analysis. It is shown that the
general formulation of the dynamic problem is degenerated into that of static analysis when
the frequency of excitation is set to be zero.

Use of a numerical method of the single and the double inversion of the Fourier trans­
form using complex.. Fourier series technique is emphasized since this technique makes the
frequency domain analysis of the nonstationary random vibration tractable. The methods
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FIG. 13. Frequency response function of vertical displacement at joint C (complex damping). IH(Oll
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presented in this study constitute a unified systematic approach for the evaluation of the
statistical quantities such as the mean value function and the cross covariance function of
the response of complex linear structures.
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APPENDIX-QUANTITIES AND SYMBOLS GIVEN IN TEXT

(A) Frames

)'j2 . h 1 . 1
--1-. (sm /lj2 - sm /'j2)

}

1

2

I·
-,-L(sinh Aj2 +sin Aj2 )

/lj2

JII JI2

_ sinh Aj2 +sin Aj2/ . _ cosh Aj2 -cos Aj2/2

2Aj2 } 2A]2 }

. (m/v 2
- iWj c2 )

J2I J22
cosh Aj2 - cos A j2 [l sinh A j2 - sin Aj2 3

2A]2 } 2)3 Ij
'}2

o

o
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0 0

Aj2
0

Aj2
0

1j 1
.I

sin Aj2 cos l'j2 sinh Aj2 cosh l'j2

Aj2 . )'j2 . • Aj2 h' Aj2 . h "
-1-. cos Aj2 --1-. sm Aj2 -cos 11..2 -sm "'-2I. J I. J

J J J .I

K j1 = AjEi1 +iwcj1 )/lj , K j2 = Eijz(l +iwcj2)/l]

K j3 = Eijy(l +iWCj3)/lj, K j4 = G/il +iwcj4)/lj

K j5 = Eijy(l +iwcj3 )/I;, K j6 = Eijz(l +iwcj2 )/I;

AJt = (m/v2-iwjcl)IJ/[AjEil +iwcjl)]

Aj3 = (mjw2- iw h)lj/[Eiji1 +iWCj3)]

)'74 = (mI7 w2 - iw J-(4)IJj[G/i l +iwcj4 )]

1

2

.$2t .$22

)t 11 jg12
_ sinh Aj3 +sin Aj31 cosh Aj3- cos Aj3

12
Aj3 J

'2 J
Aj3

2 .mjw -IW jC3
2

~21 jg22
cosh Aj3 - cos Aj3 12 sinh Aj3 - sin Aj3n

)';3 .I
A3 J

j3

[ft"
li 12 li 13

':>4l [' 0 -A73

o J [Af:'li22 /j23 ' 2 . 2
jb 21 jb 24 Aj3 0 -Aj 3
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0 1 0

Aj3
0

Aj3
0

[A}
-I; Ij

sin Aj3 cos Aj3 sinh Aj3 cosh A)3

2-3 Aj 3 . A A. 3 Aj3 . h A-_J- cos A'3 T SIn j3
- _J_ cosh A "3 --sm "3I. J [. j [" j

J J J J

cos Aj1 0 0 0 0 0

0 jf11 0 0 0 J12

0 0 jgl1 0 ~12 0
Bj =

0 0 0 cos lj4 0 0

0 0 .$21 0 jg22 0

0 d21 0 0 0 J22

jd 1 0 0 0 0 0

0 jIll 0 0 0 J12
0 0 jg 11 0 jg 12 0

D) =
0 0 0 jd4 0 0

0 0 jg21 0 )22 0

0 jl21 0 0 0 jI22

with
jd 1 = -(mlv2

- iw jcl)lj sin A)l/ljl

jd4 = - (m)r;w
2

- iw jc4 )lj sin ..1)4/1j4

2- 1 0 0 0 0__._J_,_ cos A
j1 0

SIn Ajl

0 jb ll 0 0 0 jb 12

0 0 }jll 0 )i12 0
F j =

Aj4 ,
0 0 0 - -'-1- cos Iej4 0 0

SIn )4

0 0 ij
21 0 }jn 0

0 jb 21 0 0 0 jbn
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0 0 0 () 0
sin Xil

0 ;h 13 0 0 0 ;h l4

0 0 /)13 0 li 14 0
w·=.I

~0 0 0 0 0
sin Aj4

0 0 i) 23 0 l)24 0

0 jh 23 0 0 0 ;h 24

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0
Bj =

0 0 0 0 0

0 0 Ij 0 0

0 -Ij 0 0 0

-I 0 0 0 0 0

0 -12 0 0 0 -61j

0 0 -12 0 61j 0
Pj =

0 0 0 -I 0 0

0 0 6 0 -41j 0

0 -6 0 0 0 -41j

0 0 0 0 0

0 12 0 0 0 -61j

0 0 12 0 61j 0
W;=

0 0 0 0 0
Dj = [OJ

0 0 -6 0 -21j 0

0 6 0 0 0 -21j
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AjEj(1 +iwcj1 )

Ij

o o o o o

o

o

o

12E)jz(l +iWC j2)

[3
}

o

o

o

o

o

o

Gj~~l~~ iW(j"!
/j

o

o

o

o

o o o ~~~ljy(l +iwcj3 )

/j
o

o o o o 4EJj,(l~wCj2)

Ij

sinh Aj3 +sin Aj3 ] 2,
---"-----~[. (m.w - lW 'C3)

2Aj3 J J J

(B) Trusses

.j = cos )'j2 sinh Aj 2 - sin )'j2 cosh Aj2

J sinh Aj 2 - sin Aj2

f
-- [ (cosh Aj2 - cos Aj2 )2 [_ sinh Aj2 +sin Aj2[ ] 2' ,

j - 2' , h ' ") j , j (mjw -IW i 2)
ILj2(sm ILj2 - sm ILj2 2Aj2

b jl = A272 [ , ~2A cosh Aj 2 - , Aj~ cos Aj2]
SIn j2 SIn ILj2

b'2 = AJ2[~_ )'j2 ]
J 2 sin A j2 sinh A j 2

Eijz(l +iwcj2 )
K j2 = [3

J

2 '
A4

2
= mjW -IWj C2 [4

J EijzO +iwcj2 ) J

cos Aj3 sinh Aj3 - sin Aj3 cosh Aj3
jg = sinh Aj3 -sin Aj3

jg = [ (cosh Aj 3 -cos Aj3 )2 [.

2Aj3(sinh Aj3 - sin Aj3 ) J
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(Receil'ed 10 February 1969)

A6cTpaK-Pa6oTa npe,LICTaBJIlIeT 06be,LIliHeHHblll. MeTOJ\ J\HHaMH<JeCKoro pac 'leTa KOHCTpyKl.\Hll., KOTOPblll.

JlerKO npHMeHHTb K paC'ieTaM aHaJIH3a HeCTal.\HOHapHoll. npOH3BOJlbHOH peaKl.\HH mlHeHHbIX YCTOH'iHbIX

tPepM H paM, 06J1aJ\alOmHX J\ByX-HJlH TpeXMepHOH KOHtPHrypal.\Hell.. Boo6me MeTOJ\ HBJlHeTCH J\OCTaTO'iHbIM

,LIJiH paccMaTpHBaHHH KOHCTpyKUHH YaK B BHJ\e HenpepbIBHOH (pacnpe,LIeJleHHOH) CHCTeMbl Macc, KaK H

J\HCKpeTHOH (cOCpe,LIOTO'ieHHOH) CHCTeMbl Macc, C KaKOH HH6YJ\b tPOpMOH BH3Koro ,LIeMntPHpOBaHHH.

Bcer,LIa MOlKHO HCnOJlb30BaTb tPyHKUHH CHJI, npOH3BOJlbHbIX BO BpeMeHH HjHJlH npocTpaHcTBe, eCJlH

paCCMaTpHBaeTCH paMa. OJ\HaKo J\JlH cJly'laH tPepMbI, CHJlbl Y'iHTbIBaIOTCH TOJlbKO B Y3J1ax.

BbIBO,LIH MaTpHl.\bI tPYHKl.\HH peaKl.\HH 'laCTOTbl HJlH MaTpHUbl tPYHKl.\HH peaKl.\HH HMnYJlbCa, npHMeHHeTCH

JlHHeHHaH TeOplI.H rpatPoB H cnoco6 MpaHcnoHHpoBaHHoH MaTpHl.\bl npH BceH tPOpMyJlHpOBKe. KOHtPHrypal.\HH

o6cYlKJ\aeMblx KOHCTpyKUHll., npHHHTa HaH60Jlee o6mHM cnoco6oM, J\03BaJiHeT HCnOJlb30BaTb J\JllI 'lHCJleH­

HbIX paC'ieTOB 6bIcTpoJ\ell.cTBYlOlUYIO l.\HtPPOBYIO B:'I'iHCJlHTeJlbHYIO MawHHy. npeJ\JlOlKeHHali tPOpMyJlH­

pOBKa 3aKJlIO'iaeT, B Ka'ieCTBe CneUHaJlbHOrO CJly'iall, CTaTII.'ieCKII.H MeTOJ\ paC'leTa KOHCTPYKUHH.

Pa3pa6oTaHo HeKoTopble KOJlII.'ieCTBO 'iHCJleHHbIX npHMepOB. CpaBHHBalOTcli J\HHaMH'ieCKHe xapaK­

TepHCTII.KH HenpepbIBHblX CHCTeM Macc C COOTBeTCTBeHHbIMH CHCTeMaMII. J\HCKpeTHbIX Macc.


